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In this paper, an approach to reliability analysis is being proposed using the 
Martingale property of the response of the structure to nonstationary excitation. 
The dynamic equation being an ItB differential equation, the derived moments of 
the associated Fokker-Planck equation are expressed in simple forms. The 
Fokker-Planck equation is then solved to give the transition probability density 
function which characterizes the behavior of the structure. The reliability function is 
then obtained from the transition probability density function. r(‘ 1987 Academic 
Press. Inc. 
INTRODUCTION 
A central problem in systems design is to determine whether the system 
will continue to perform the desired function after a given time. At the 
design stage, the magnitude and duration of the impressed excitations on 
the system are not certain, hence the corresponding response cannot be 
predicted exactly. Statistical parameters (such as mean and variance) of the 
response, as well as the maximum allowable response are usually of interest 
to the reliability analyst. The nature of the excitation-deterministic or 
stochastic (stationary or nonstationary)-is also crucial to any fruitful 
analysis. 
In this paper, a method is proposed for determining the reliability of a 
structural system; The excitation (an earthquake) is in a stochastic 
environment modelled as a nonstationary Markov process; an expression 
for the mean response is obtained using the Martingale property of the 
response process IX,, t E [to, T]}: 
-W-A% t,dtdt,}=2,,. (1) 
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This is then employed to solve the Fokker-Planck equation for the transi- 
tion probabilities from which the reliability function R(.$, t) is obtained. 
PROBLEM FORMULATION 
A one-story building subjected to earthquake-induced ground 
acceleration is considered. Ground accelerations due to strong-motion 
earthquakes are modeled as a nonstationary random process. 
Assume that the building is at rest at time t =0 and let X, denote the 
relative horizontal displacement of the roof with respect to the ground. 
Then a damped linear single-degree-of-freedom oscillator may be con- 
sidered as a simplified mechanical model for the system. Hence its equation 
of motion is 
my, + p-e,+ KX,=ma, t 3 0, (2) 
where m, p, and K denote, respectively, the mass of the roof, the coefficient 
of viscous damping, and the shear stiffness of the columns supporting the 
roof; -a, describes the horizontal acceleration of the ground motion. 
Equation (2) can be expressed in the form 
X,+14.k,+Kx,=u, t 3 0. 
m m 
Now let X, =X,, X, = J?,, and 
.0x,, t) = 
x2 
-(K/m)X,-(p/m)X, ' G(X't)= 1 
so that 
kz, =f(X,, t) + G(X,, t) +, t30, (4) 
x,,,=o=o. 
Hence the solution process (X,, t E [0, T] } is Markovian (a Martingale), 
so we can set 
E{X,Ia,, TE [O, T]} =x. (5) 
The corresponding transition probability densities pik(f) satisfy the 
Fokker-Planck equation 
a 
zPi!f(t)= - f a Cqj(% t)Pi!f(t)l 
,= I ax, 
(6) 
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with initial condition 
Pi!%(b) = Wc-xrO), 
where 
X [x,(t+nt)-xj(t)]Ix,=~}’ 
The process {a,, t E (0, T)} is generated using the relations 
~,=10~~[~2ln(y,)~]‘~*Cos2ZI~,+, 
405 
(7) 
(8) 
and 
a,, , = lo- ‘[I2 ln(y,)l]‘J2 Sin 217yl+ ,, (9) 
where J,, t E [0, T] are random numbers uniformly distributed on the 
interval [0, 11. The generated process has the property E{a, } = 0. 
Equation (3) now takes the form 
X,+xX,+:X,= -10~~‘[/2ln(y,)l]“‘Cos2Z7y,+,. (10) 
SOLUTION 
The system response (i.e., displacement and velocity of the roof relative 
to the ground) can be obtained from Eq. (10) by stochastic approximation. 
Equation (4) can be written in the form 
dX, =,f(X,, t) dt + G(X,, t) dw, (11) 
with 
where 
dw, = -a, dt 
= -10-3[121n(yt)l] Cos(217y,+,)dt (12) 
406 IBIDAF’O-OBE AND DIIWU 
with the property 
E(dw,) = -E(u, dt} 
= -dt ,!?(a,} 
= 0, 
Thus 
x,(t + dt) - Xi(t) =fJz + GJw,. 
And so 
q,(X,, t) = lim d,-~~E(CX.(t+dl)-x,it)llx,=8) 
=fi+ lim ,,do: Gi E{dwrj 
=xf;, i= 1, 2. 
(13) 
(14) 
(15) 
And q;(X,, 1) = 0 for all i> 3. Also 
=,fifi(dt)’ +.fiGjd~~l,dr +,fiGjd~,df + GiGi(d~,)~. (16) 
SO 
qji(X,, t)= lim I,_o~E{Cxi(t+dl)-X,/t)ltX,(I+dl) 
-X,(t>jjX,=%] 
(17) 
Consequently, Eq. (6) becomes 
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Invoking the Martingale property of {A’,, t,[O, r] } (Eq. (5)) we have 
^ ^ 
$Ps(r)= - ( F-p > Pik(f). 2 2 m (19) 
Subject to the initial condition 
P,k(O) = cc -J&J, 
the solution of Eq. (19) is 
P,~(?, 1) = exp 
k, 
---7-- 
22 
(where Pik(%, t) reflects the dependence of Pik(t) on 2). Consequently, the 
reliability at time t is given by 
Details of the solution procedure along with a computer algorithm for 
the stochastic approximation technique are available. 
NUMERICAL RESULTS 
Table I shows values of R(X, t) at 
 ^ c-  ^
3 = 
1.79, 
x,= 
1.42, 
s= 1.314 
22 22 22 
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TABLE I 
Time (s) k,/.& = 1.79 k,& = 1.42 22/B, = 1.314 
0 0.662252 0.961538 1.00 
1 0.146298 0.339860 0.367879 
2 0.032319 0.120125 0.135335 
3 0.007140 0.042459 0.049787 
4 0.001577 0.015009 0.018316 
5 0.000348 0.005304 0.006738 
6 0.000076 0.001875 0.002488 
7 0.000017 0.000663 0.000912 
8 O.OOOOO4 0.000234 0.000335 
9 O.OOOOOO 0.000083 0.000123 
10 o.ooooO0 O.oooO29 o.OOOO45 
Note. k/m = 0.15 and p/m = 0.20. 
when k/m = 0.15, p/m = 0.20. Similar values are shown in Table II for 
k/m = 0.388, p/m = 0.20. 
The corresponding reliability curves for X,/X, = 1.72 and 1.42 are shown in 
Figs. 1 and 2. The results indicate that for given stiffne:s-to-mass and 
damping-to-mass ratios reliability increases as the value X,/J?, decreases. 
On the other hand, structural reliability may be improved by increasigg the 
stiffness-to-mass ratio of the st;ucture, given a threshold value for X,/i,. 
The variation of R(J?, t) with X,/p* is shown in Fig. 3. 
TABLE II 
Time (s) i1;ia, = 1.79 k,Jf, = 1.42 k,J& 1.314 
0 0.728205 1.00 1.00 
1 0.184443 0.387996 0.440996 
2 0.046717 0.150541 0.194478 
3 0.011833 0.058409 0.085764 
4 0.002997 0.022663 0.037822 
5 o.Oco759 0.008793 0.016679 
6 0.000192 0.003412 0.007355 
7 o.OOOO49 0.001324 0.003244 
8 0.000012 0.000514 0.001430 
9 o.OOOOO3 0.000199 0.00063 1 
10 o.OOoOO1 0.000077 0.000278 
Note. k/m = 0.388 and p/m = 0.20 
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FIG. 1. Reliability curves using i,/f2 = 1.79. 
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FIG. 2. Reliability curves using k,/pz = 1.42 
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FIG. 3. Variation of I@, t) with k,/f2. 
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CONCLUSION 
The reliability analysis technique being proposed in this paper has wide 
applications, since it could be used for all systems subject to random 
stimuli. The theory is as well applied to nonlinear as linear systems, since 
the dynamic equation (4) could be used in its most general form. Besides, 
the theory for single-degree-of-freedom structures may be extended to 
multi-degree-of-freedom structures by introducing a matrix-vector notation. 
Because of the dependence of the reliability function on some physical 
characteristics of the structure, one may conjecture a cost/design 
optimization based on the analysis. 
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